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Abstract-The variational statement. governing equations and corresponding Ritz approximations
are derived in Cartesian. cylindrical and spherical coordinates for the evaluation of the natural
frequencies of free vibrations of elastic cylinders and spheres. The formulation can account for
orthotropic material symmetry. and can be applied to either solid or hollow geometries. The
apprmimating functions selected for the displacement components depend on the geometry and
coordinate system used to describe the problem. and are a combination of power series. Fourier
series and spherical harmonics. Representative examples are given in the various coordinate systems
for both the cylinder and the sphere. In general. excellent agreement is found with results obtained
by other methods.

I. INTRODUCTION

The study of free vibrations of homogeneous clastic bodies has been un important area of
solid mechanics for well over a century. Initial studies of the vibrations of spheres were
applied to analyse the oscillations of the earth. Knowledge of vibrations in cylinders can
be applied to problems in beam and shell dynamics and the usc of solid cylinders as
underwuter transducers or ultrastuble microwave oscillutors. Similar needs exist for single
crystuls for applications such as piezoelectric trunsducers and acoustic resonators.

On u much smaller scule. theories of vibration for muny geometries can be uscd in the
determination of clastic constunts. which represent some of the most basic and useful
properties of solid continua. This type of approach is particularly applicable to many
advanced materials such as oxide superconductors. ceramics and composites. Not only are
the materials often available only in these special shapes, but many traditional methods for
evaluating the elastic constants are intractable for these solids. So-called solid resonance
methods require techniques for accurately evaluating the natural frequencies of free
vibration for solids of various shapes and constitutive laws.

The purpose of this work is to extend previous solutions to the three-dimensional
equations ofelasticity for the evaluation of free vibration frequencies using the Ritz method.
Earlier works have focussed on homogeneous isotropic solids with the elastic constants and
geometry defined in terms of rectangular Cartesian coordinates. The current approach
generalizes this approach and allows for the additional consideration of a wide variety of
new problems.

2. BACKGROUND

In the development of the theory of elasticity, the physics of small vibrations in elastic
solids waS of prominent importance. This was particularly true for solids of regular shape
such as cylinders, spheres and parallelepipeds. Kelvin (1863) was the first to analyse this
problem to study the rigidity of the earth. Later formulations for this class of problem
were given by Lamb (1882), who formulated the problem in rectangular coordinates. and
Chree (1889), who considered the same problem using spherical coordinates. In these cases,
the sphere was assumed to be homogeneous and isotropic.

Numerous studies were subsequently completed for this type of problem because of
intense interest in the oscillations of the earth [see, for example. Lapwood and Usami
(1961). Ness et 01. (1961). Pekeris et 01. (1961) and Usami and Sato (1962a.b)]. Most of
the interest in this subject was aimed at understanding the generation of earthquakes.

2689



2690 P. R. HEYLIGER and A. JllASI

Although the earth is not a true sphere. but an ellipsoid. these works nevcrtheless provided
a reasonably accurate prediction between numerical results and experimental observations.
More recent studies on sphere vibrations have been completed regarding the orthogonality
and normalization of torsional modes (Hosseini-Hashemi and Anderson. 1988) and spheres
subjected to impulsive loading (Hosseini-Hashemi. 1986) and the evaluation of elastic
constants (Mochizuki. 1988).

The analysis of free vibration ofanisotropic spheres is complicated because the resonant
conditions are highly dependent on the orientation of the material axes of the solid. [n the
case of isotropic materials. the analysis is greatly simplified and exact mathematical solutions
are possible. To date. however. exact mathematical solutions for anisotropic spheres and
other shapes do not exist.

The analysis of vibrating cylinders also has a rich history in the field of solid mechanics.
This problem was first studied by Pochhammer (1876) and independently by Chree (1886).
These solutions are exact for infinitely long isotropic rods that are stress free along their
radial faces. Tables of natural frequencies and mode shapes of infinitely long solid circular
cylinders have been compiled by Armenakas el al. (1969) using these theories. However.
the Pochhammer-Chree theory cannot be applied to fInite rods because the condition of
stress-free ends cannot be imposed. Exact solutions for this case arc ditTicult to obtain. and
approximate methods must he used to study these geometries.

There have been numerous attempts made at ohtaining approximate solutions for the
free vibrations of tinite isotropic rods. Bancroft (1941) was the tlrst to numerically explon:
the governingeqllations ofPochhammcr. His resulting valucs for various paralm:ters related
to longitudinal wave propagation agreed very well with experimental results ootained earlier
oy McMahon (19M). Later works studying the free vihrations of cylinders included the so
called three-mode theory (Mindlin and McNiven. 1%0; McNiven and Perry. 19(2). the
series solution by Hutchinson (1972). the finite ditl'crence solution by McMahon (1970)
and the fInite clement solutions oy Gladwell and Tahhildar (1972) and Gladwell and Vijay
(1975). Most of these methods gave frequencies that compared well with experimental
observations.

Several studies have also appeared that consider the vibrations of finite anisotropic
cylinders. Morse (1954) extended the Pochhammer·Chree solutions to the case of an
infinitely long cylinder composed of a material with hexagonal symmetry. Lusher and
Hardy (1988) used Morse's approach to extend Hutchinson's solution in obtaining a series
solution for a finite rod with hexagonal symmetry. Only the axisymmetric modes were
considered in this work. which also included experimental ooservations made on sapphire.
More recently. the Ritz method has been used to find estimates for the axisymmetric free
viorations of tlnite anisotropic cylinders (Heyliger. 1(91).

The present work uses the Ritz method to find the natural frequencies of free vibration
of anisotropic cylinders and spheres as formulated in cylindrical. spherical and Cartesian
coordinates. This approach is based on the work of Eer Nisse (1987). Holland (\ 968).
Demarest (1969) and Ohno (1976) and the recent work of Mochizuki (1988). Heyliger cl

al. (1989). Migliori cl al. (1990) and Visscher el al. (1991). The present approach difTers
from these approaches in the coordinate systems. constitutive relations. and form of
approximating functions that arc used. This allows for the consideration of a wide variety
of new problems that for example consider spatial dependence of the elastic stitfnesses (e.g.
a layered shell) or solids where the principal material directions arc not aligned with the
directions of a rectangular Cartesian coordinate system (e.g. a tllament-wound cylindrical
composite shell).

J. GOVERNING EQUATIONS

[n this section. the equations of motion and their corresponding weak forms are
derived. and the Ritz approximations to these equations for the orthotropic cylinder and
sphere are constructed in several ditTerent coordinate systems. The representative equations
are derived for the orthotropic cylinder and sphere in cylindrical and spherical coordinates.
respectively. and arc also derived in Cartesian coordinates. Each of these ditTerent systems
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Fig. I. Coordinate systems: (a) cylindrical coordinates; (h) spheric;1I coordinates.

is n:presented in Fig. I. The Ritz approximations arc developed using basis functions that
match the coordinate system under consideration. As shown in the sequel. use of different
coordinate systems .dlows a more natural representation of a problem based on the nature
of the clastic stiffnesses and the geometry of the solid.

In the following discussion. the generic coordinate system X, is introduced. with the
appropriate directions depending on the specific coordinate system. The general constitutive
relation that will be considered here can be expressed in the form

11 1 I CII C I1 Cl.l 0 0 0 /;11

t1' !.1 C I1 C11 ('11 0 0 0 1; 11

0' .11 C" C 11 C n 0 0 0 elJ
(I)

0' 11 0 0 0 CH 0 0 ,'23

0' 11 0 0 0 0 C 55 0 It I J

0' I 1 0 0 0 0 0 C66 111

Here O'il represent the components of stress. C
'I

are the components of the elastic stiffness
tensor and I: and 1 are the normal and shear strain components. respectively. The rep
resentative directions defined by the subscripts will be identified for each case in the sequel.
Clearly the derivation that follows can be easily modified for more complex constitutive
relations. Hamilton's principle provides the starting point for each of the subsequent
derivations. This can be written as

Here. V is the volume of the solid. Ii = (1U/ Ol. / represents time. p is the density of the
material. J is the variational operator. U. Vand Ware the displacement components in the
three coordinate directions. and the conventional notation (0'11 = 0'1.0'11 = 0'4. etc.) has
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been used. For the probkm of free vibration. there are no applied external loads and each
face of the solid is assumed to be stress free.

The orthotropic sphere: erline/rica! coordinates
For the orthotropic cylinder. the displacement components are identified in the radial.

tangential and axial directions. Hence XI = r. X~ = e and x, =:: as shown in Fig. la
and U I = [J, = U(r. e. :). U~ = U/i = V(r. 0.::) and C, = U, = W(r. O. ::). Formulating the
equations of motion in this form is convenient not only for cylindrical geometries but also
for materials such as wood and filament-wound composites. where the principal material
directions are most naturally defined in the radial. circumferential and axial directions. The
stress-strain relations in cylindrical coordinates are given as (Fung. 1965)

E" =
cr

L'W
f:" = -~-

c::

I tc av ~.

i',/I = 1'(':0 + Dr - I' (4)

To aid in the calculations. the displacement variables are nondimensionalized by defining

U
U· = . v· = V.

L,

W
H'· =

L, . (5)

where L, and L, repn:sent the radius and half-height of the cylinder. respectively. This
procedure is used only for computational efliciency by allowing all cylinders to be mapped
into a parent cylinder to minimize computations. For simplicity, it is assumed that this
process has been completed, and the asterisks arc dropped.

Substitution of the strain displacement and stress-strain relations into Hamilton's
principle, using the assumption of periodic motion, and performing the appropriate oper
'ltions yields the variational form of the governing equations as

_f [CII ().U (\)'U I C I , c~U), I C I , tv.·u 1 C I , av 1~,jU
0- " _ + " IlJ+ . _ u+ " ,

" L; c'r 1'1' I' L,' ('I' r L; ('I' I' L; clJ cr

I C) aiHvaV I C, aw . I C) e!5W I Coo ('v aM'+- -.:., -----. + . - ....:.:... --- oU +--......:... -- U+ - .-:~ --- -,.-
I' L,L, l~:: NJ I' L,L, a:: I' L,L, a:: r' L,' clJ cO

I C" eV. rIC" eJV r I C. C)) cWc<'HV+ "; -, ~- vG + ,. --;' -;;- V+-, -::,: UbU + -,- -- ----
r L; cO r L; cO r L; L; c:: c::

+c~~(L ~V + ~ _~ a,~~~)(L e~~ + 1 I ~'~)+Cjj(.!... aw + L ~l!.)
L ., r L 'I) L I'.'.' I' L, ,11J L. (~r L._ Z.'.', (_ , (, v ,

x (I. 1~~~L + _1,_ l~.~) + Cbb (I I l~~' + 1 ~l!. _L !")
L, l'r L, 0:: I' L, 00 L, cr L, I'

(
I I (",,jU I at5V I t5V) 00 00 ooJ

x - --- - + - -,- - - - -pU-pV-p~V dV
r L, cO L, cr L, I'

(6)

This equation forms the basis for numerical approximations using the Ritz method. Inte
grating by parts and separating the coefficients of the variations in U, Vand W yields the
equations of motion. These are given in Appendix A.
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The orthotropic sphere: spherical coordinates
In spherical coordinates, the displacement components are defined in the radial

(XI = r). azimuthal (x: = ¢), and circumferential (x J = (J) directions as shown in Fig. Ib
as VI = V, = V(r. ¢. 8), V: = V,p = V(r. ¢, 0). V J = Vtl = W(r, cP, 0). The stress-strain
relations can be written as

I ('W V cot cP
[;H/I = -~::i-tJ + - +~- r',

, Sin 'I' ( r ,

I cV cV V I cV I ('W cot cP ,
'I ,p = - - + - - - ,',p/l =~ -:;;; + - -;;,-;: - -- H ,, , ccP c, , , , Sin 'I' CU r c'l' ,

1 ('V ('W W
,',/I = ;:-sT~-;j; 1'0 + h - , .

The corresponding weak form is given by

aMi [('V (II'V U) (I I'rv U cot<P)Jx -- + C' -- + C.. +. +C 1 . .. +.. + --- vc, . I'r ., r ?IIJ r . r Sill I/J 1'0 , ,

(
lcJ(5V aV)[,.11V , (IC'V V) . ( I NV V cotlP)Jx -_._- +... ell + ( '1 + + ( 11. + + V
, Dcp, II,' r I'IIJ' , Sin I/J NJ , ,

( 1 c\5W (5V cot cp ..) . (I (IV c'V V)(I ('(5V c\5V c5V)
x. +. + i51-' + C/<1, , +, - + I -

, Sin (P i](J , r r (,CP ( r r , ('CP cr r

(
1 clV Ic7W cotcp .)( I D(5V IDc5W cot<p, I)+ C - + - rr + .. - - c H

jl , sin cp DO r Dcp r r sin cp DO r D(p r

(
I DV iJW W)( I DoV DoW OW)

+ CH r sin cP DO + D; - -;- r sin cl> 20 + -7;-;- --;-

(7)

(8)

Although not shown, the radial displacement component can be nondimensionalized so
that all calculations are performed on the unit sphere. The corresponding equations of
motion are given in Appendix A.

The orthotropic solid: Cartesian coordinates
The problem of the vibrating solid can also be formulated in terms of rectangular

Cartesian coordinates. This approach has the advantage that the modes of vibration can
be separated according to certain geometric and material symmetries, which drastically
reduce the size of the eigenvalue problem that results from these formulations (Demarest,
1969), In this case the displacement components are expressed in terms of the coordinates
(XI = X. X2 = y. XJ = :) with the corresponding displacement components V, = V(x, y, :),
U 2 = V(x, y,:) and VJ = W(x, y. :). The strain-displacement relations are given as

cV
[;ll=~'

(IX

av
822 = oy ,

cV oW cV oW cv au
'I2J=T+~' i'IJ=:l+~' 'I12=T+-::;-'(I: (ly (I: (IX CIX oy

(9)
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Substitution of these equations and the stress-strain relations into eqn (2) gives the weak
form as

( 10)

Rit: approximations

Rather than directly solving the governing ditferential equations. the Ri tz method seeks
approximate solutions to the wt:ak forms as given in eqns (6). (8) and (10). This is
accomplished by approximating the displacement components U. Vand IV using tlnite
linear combinations of the form [see Reddy (I lJS4)1 :

U(XI.X, •.\·.) = (P'.',(XI.X"X,) + L (I/(P~(.I:I'X"X,). M./ = (P:'(XI.X,.X.).
/- I

V(X!.X"X.) = (/1',I(,\\,X2' X .) + L h,(/);(x,.x2'x.), ()V= (p;(X!.X2.X,).
/- I

H/ (X I • X ! • x.) = (/) ;', (x I • x,. x .) + L d, 4);' (.1: I • x" X.). cHV = (p;' (X \• X " .\ . .). ( I I )
/- \

Here (V' etc. are known functions of position. 1/ represt:nts tht: numha of tt:rms in tht:
approximation fur tht: displacement components. and (I,. h, and d

J
an: constants that are

determined by n:quiring that each of the variational statements hold fur arbitrary variations
of U. Vand W. This latter requirement is equivalent to the weak forms holding for arbitr,lry
variations of a. hand d.

The selection of the approximating functions (P is somewhat arbitrary as long as
several requirements are met in order for the Ritz approximations to converge to the true
solution. First. the functions rPo should satisfy the actual form of the specifIed essential
boundary conditions. For tht: problem of free vibration. the boundary conditions are all of
the natural type in that all fact:s of the solid are stress free. [n the Ritz method. the natural
boundary conditions arc contained in the variational statement of the problem. Hence there
is no need to explicitly satisfy these conditions. For these reasons. the rPu terms arc set equal
to zero. The remaining functions in the summation must meet the requirement of continuity
as required by the variational statement, they must satisfy the homogeneous form of the
essential boundary conditions. and they must be linearly independent.

A number of ditferent functions can be selected which meet these requirements. In this
work. a combination of power series. Fourier series and spherical harmonics arc used to
approximate the displacements. The actual selection of these functions depends on the class
of vibration and the geometry of the problem being solved. [n cylindrical coordinates.
Fourier series are used in the circumferential direction. with power series used in the radial
and axial directions. In spherical coordinates. power series in the radial directions arc
combined with spherical harmonics. Formulation of the problem in Cartesian coordinates
leads to approximations for each displacement component in the form of power series in
the coordinate directions (Heyliger. 1991).

Substitution of the approximate displacements and their variations into the \veak forms
and collecting terms allows for writing the fInal equation in matrix form as
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[ [
K,.II] [~~:] [K~:]] {.r a

}.} [[Mil]K- ' K -- K -- rb1 ~ [0]
I j -pel

K" K'~ K" [eI} [0]

[0] ] {{a}} {{OJ}
[0] {b} = {OJ

[M"] {d} {OJ
( 12)

The nature of [A.l and [M] is a function of the particular formulation used. Depending on
the problem, a combination of analytic and numerical integration techniques are used to
evaluate the individual elements of these matrices. Numerical integration is particularly
useful when the elastic stiffnesses vary as a function of position and the resulting integrals
cannot generally be evaluated in closed form. The explicit forms of the coefficient matrices
for the ditTerent coordinate systems are given in Appendix A. By using any conventional
solution techniq ue, this system of equations can be solved for the natural frequencies of the
cylinder.

4. NUMERICAL RESULTS

In this section, results arc presented from the application of the Ritz method to
representative example problems corresponding to the formulations in the previous section.
These problems n:present the isotropic and anisotropic cylinder and sphere as formulated
in the dilferent coordinate systems accounting for the possibility of material inhomogeneity.
The primary quantities of interest arc the natural frequencies of free vibration. Although
calculating and presenting tht: mOlk shapes involves little additional effort, results of this
typt: art: rdl:rrt:d to but not shown in this paper.

An additional measurt: of accuracy of tht: prest:nt tt:chniqut: is how wdl the condition
of traction-frt:t: surfact:s is s:ltisfit:d. In tht: cases of tht: isotropic sphert:, tht: hollow isotropic
cylinder, and the cross-ply shell, the strt:sst:s Wt:ft: intt:gratt:d ovt:r all fact:s of tht: solid to
asst:ss the kvd of satisfaction of traction frt:t: surfact:s. Tht: rt:sulting valut:s wt:rt: without
exct:ption inlinitt:simally small.

The solid isotropic sphere
The isotropic sphere is useful to examint:, primarily bet:ause it is a problem for which

exact solutions arc availablt.:. [n this section, results from the vibrations of the isotropic
sphere as formulatt:d in spht:rical coordinates arc presented. Torsional and spheroidal
vibrations of both hollow and solid spheres are wnsidt:red.

For torsional vibrations there is no change in the volume of the sphere. This implies
that the radial displat:ements arc zero, the dilatation is zero, and the displacements an:
directt:d at right angles to radial lines from the t:enter of the sphere. One form of the assumed
displacements as representt:d by the approximating functions are those that coincide with
the eigenfunctions derived from the exact solution for the isotropic sphere (see Appendix
B). The displacement components in this C:lse have the form

v, = VCr, 0, r/J) = 0,

11/
V 1/( () .1.) - J' ( ) pm,. {))"" ""/>,,= fI r.. (p - II r . () n cos -I,;O .. ",I/).

sin

V - ~V( ()I.) - J' ( ) d P"'(' ()""m4>'/>- r, ,r/, - "r dO n cos "",,,,/>.

(I J)

( 14)

( 15)

Because the spherical harmonics arc selected to approximate the displacements, the behavior
in the nand rP directions can be represented exactly and the only unknown functions are
those in the radial direction. Hence the only terms that are truly approximate are those
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used to represent /:,(r) and j;p(r) in eqns (14) <.lnd (15) and the probkm is essentially one
dimensional. In the radial direction. a power series in r is used to <.lpproxim<.lte these two
functions.

Because of the physics of torsional vibrations. the resulting fn:quencies do not depend
on the Poisson ratio. The nondimensiona! frequencies calculated using this approJch are
given in Tabk I as a function of the number of terms u~ed in the power series. The results
arc compared with the exact solution. and the agreement IS very good. The accuracy lessens
somcwhat with the higher modes. which is an expected property of the Ritz method.
Howcvcr. because the lower modes In: of most interest. the accuracy for these frequencies
is well within reasonable limits.

Vibrations that involvc a change in shape of the sphere arc n.:fcrred to as spheroidal
vibrations. These involve both transverse and radial motion at all points of the sphere. and
correspondingly there is now a dependence of the frequencies on the Poisson ratit), For
spheroidal vibrations. the approximation functions arc selected such that the displacement
components ha\e a form similar to those of the analytic st'lutilH1. These can be expressed
as

( 16)

d
( • If( II /) / () 1''''( . I})"'''''''"" -= > r. . (J = "r dll "cos ",,"',I' ( 17)

W(r./}.I/')
11/

/ . ( ) f"" ( II)"""":',{," , (I II Ct)~ ,,'\",m,:,·
Sill

( IX)

The resulting nondimellsional frequencies arc given in Table 2 for the case of v = 0.3. As
before. the values an.: given as a function of the order used for the p\l\ver series in the radial
direction. with excellent accuracy being obtained for a relatively low number of terms. The
results for the higher Illodes arc somewhat more accurate than thl: higher frequencies for
torsional vibrations.

Tahle I. Nnndimcnsional frequencies I,,,, torsional modes of an isntropic sphcr~

(a) 1/

Terms of power scries in radial direction
-'lode .\ 4 5 6 7 Lxact

1 o.n 0.0 on OJ) n.n ~onc

2 6.6X7 57X! 5.774 5763 5.763 5.763
12.254 1::;.03S 9.I'lS 9.IX6 'l(N6 9.095

4 IS.69'l 1X.496 [2.666 1::;651 1::;323

(h) 1/

Terms of power series in radial directIOn
:'.h'de 2 .I 4 E~act

[ 2.526 251 'J ::;50 [ 2 5t)! 2501
2 10.014 SO'!4 7.404 7.155 7.1 J(,

17.411 1J.6SX II.::;XO 10.5 [4
4 26.675 20.524 1r.'Jx.'

Order or t~nns or power seri.:s in raJi~d JirectiL11l
:'.Iod.:

1
2
3
4

o
5.745

I
3.955

13.380
3.905
9.363

23283

3
3.869
9.1::;0

14893
35889

4
3.865
8.470

13775
::;1.653

5
3865
8.468

1::;.023
18.948

Exact
3.865
8,444

11.881
15.175
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Table 1. Nondimensional frequem.:ies for spheroidal modes of an isotropic sphere

n=O

Order of terms in power series
Mode 0 I 1 3 4 5 Exact

1 4.tl990 4.7178 4.4-114 4.4-103 4.4-100 4.4-100 4.4-10
2 11.718 1~.625 10.526 10.523 10.494 10.494
3 ~1.919 ~ 1.849 16.269 16.265 16.073
4 33.108 33.036 22.215 21.579

(b) n = I

Order of terms in power series
Mode 0 I 2 3 4 5 6 Exact

1 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
2 6.7081 3.5122 3.48~6 3.4247 3.3246 3.4245 3.4245 3.424
3 7.9897 6.9877 6.8910 6.7747 6.7732 6.7712 6.771
4 15.615 9.1424 8.0658 7.7896 7.7518 7.7458 7.744
5 26.851 13.3178 11.793 10.872 10.746 10.695

(c)" = 2

Order of terms in power series
Mode 0 1 2 3 4 5 6 Exact

I 3.0795 2.9593 2.6414 2.6406 1.640 2.640 1.640 2.640
2 91388 5.4448 5.0952 4.11782 4.8667 4.8653 4.ll653 4.ll65
3 10.437 10.328 8.8423 ll.4012 8.3520 8.3304 IU29
4 20.182 11.286 11.257 9.ll448 9.8356 9.7816 9.780
5 18.822 17.230 150428 12.444 12.405 12.157

Although not shown, the shapes for most of these modes were plotted and compared
with the exact mode shapes such as those presented by Hosseini-Hashemi and Anderson
(19HH). The comparison plots arc virtually indistinguishable.

The solid isotro"ic cylil/der: circllllI/i:rcl/tiall'ihrl/tiol/s
The circumfcn:ntial vibrations of the isotropic cylinder were considered as formulated

in cylindrical coordinates. The primary focus for these geometries was the frequency for
the circumferential wave numbers 1/ = I and 1/ = 2. These cases were selected because
comparative tinite element solutions for this class of vibration have been tabulated by
Gladwell and Vijay (1975). The case of n = 0 corresponds to axisymmetric vibration and
has already been considered using displacements of the type described in eqn (II) with
V = 0 (Heyliger, 199/). These results are not repeated here.

The natural frequencies for the solid isotropic cylinder are presented in terms of the
dimensionless frequency n, defined as wale, where e = J(Glp), G represents the shear
modulus, a is the mean radius, and p is the material density. The Poisson ratio is taken as
0.3 for the results in this section. Tables 3 and 4 show the convergence of the frequency
parameter for the first eight circumferential modes as a function of the order of the
apprOXimation in the radial and axial directions. The geometry of the cylinders is expressed
in terms of the shape parameter L, defined as the ratio between the cylinder length 2L: and
the mean radius a. Table 3 is representative of a short disc, with L = 2. Table 4 shows the
converged frequency parameters for a range of values of the shape parameter L. The results
agree quite well with the finite element results of Gladwell ,lOd Vijay (1975). In all cases,
the present results are lower than those computed using finite elements. As the Ritz method
converges to the exact solution from above. the present results can be expected to be more
accurate than the finite clement results.

The solid isotropic cylinder: gcnerall'ibrations
An application of the solution to the equations of motion for a solid isotropic cylinder

in both cylindrical and Cartesian coordinates is considered next. Specifically, the complete
vibrations of a solid isotropic cylinder are examined in which all classes of vibrations
are considered. This requires keeping all terms in the expansions for each displacement
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Tabk 3. Convergence of frequency parameter w· for Circumferential vlbrallons of a solid isotropIC cylinder

lal Clrcumfen:ntlal wave number = I

Order of terms
Mode I -I 6 7 FE:\1

I 1.-1170 1.3S72 1.3526 I_J5~-1 1.3523 I 3523 13523 I .3 57:--;
1'J'63 16703 l.5522 15-W6 15-1-10 15-W0 I.5-W0 15570

3 22613 219-1S 20327 2.0277 2.026-1 2.026-1 2.026-1 2.0330
-I 2.7363 2.5IJO,) 2.3256 22')')1 2.2tJ76 2.2')73 2.2{}7J 2.305...
5 In-w 2.7S55 2.3-150 2.30115 2.24l)7 22')73 22')73 2..'5%
6 -1.2-178 2.8574 2.5230 2.-1205 2.-1191 2-1IS I 2-1IX I 2-1I1XI1
7 5.2601 3.7-173 3.31:5 3.216S 3.1957 31935 3.1932 3.2751
S 60621 3.9X72 3-1hs I 3.2319 3.2251 3.2195 321')-1 3274-1

I bl Circumferential wave number = 2

Orders (,I' lerrns
Mode 1 2 -I 5 6 7 S FEM

I 0.9-19-1 (Ue31 0.796X 07957 0.7957 07')56 0.7956 0.7')56 OXOl6
2 139-11 l.! 75X 1 1731 l.! 725 I 1725 l.! 725 l.! 725 I 1725 I IX-I3
3 2.53-16 2.0726 2.0009 I')X3 7 1.9X.\3 19X32 19X32 19X32 1.9')3-1
-I 26367 2.2029 20373 20220 2.020 I 20200 2.0200 2.020(j 2.0-l3X
5 355X I 2.736S 25105 2.-I3X I 2-13-13 2.4336 2.4336 243311 2.-1620
11 3X50X 2X550 26-157 2.6241 26215 262lJ 2.6213 2.6213 2.63-16
7 6.7%5 3.5630 2.9-133 2.X I1>( 2.X 12-1 2XI14 2XII-I 2.XIlJ 2X')-IX
X 6.9-12X 3.6760 3.2305 2.9-1XX 2.9293 29252 2.9250 29249 3.0.N4
9 9.6965 -1.559-1 -IU79 3. 72'J'I 36'153 3.677X 36766 1(,7(,.) 3.771,1

10 10 19XX 4.Xi>03 -I 27(,X 3X5.12 3X 12-1 .17979 37972 3 7'170 39X20

eomponent rather than separating them aeeording to the eireumferential wave numher.
As discussed carlier, grouping the approximating functions as formulated in Cartesian
coordinates in an appropriate fashion allows a reduction in size of the corresponding
eigenvalue problem, making the solution procedure much more dlicient. [n both cases,
terms in the approximation up to and induding sixth order in eqn (II) arc used for the
Cartesian formulation and fourth order using eylindrieal coordinates.

A cylinder is considered with unit density and radius and a hcight of 2.0. The shcar
modulus is also taken as unity and a Poisson ratio of 0.3 is specitied. The resulting natural

Table -I. Variation of frequency parallle(er ,n· for solid isotropic cylinder with varying height

(a) Circulllli:relltial wave number = I

Mode

2
3
4
5
6
7
S

L = 1 I. =-1 1.=6 I.=X I. = 10
Present FEM Presellt FEM Present FEM Present FEM Present FEM
1.3523 13578 09<)69 0.99XO O.5XXO 0.5XX6 (UX6S 03S71 0.2731 02733
1.5-1-10 1.5570 1.0755 1.0792 O.sX6S (loSS91 0.7156 07169 0.5565 05573
2.026-1 2.0330 1.-100" 1.-1072 1.2667 12711 1.0-156 1.0-lS-I 0.S-IS7 O.X506
2.2973 2.305-1 1.5-107 15-153 1.2950 1.29XX 1.0636 1.0670 O.lJ660 Ol)690

2.2973 2.3596 1.7000 1.7137 1.-1441 1.45U U6J3 U6S2 I 1906 1.195-1
2-11 XI 2.46,,6 19X20 2.0025 1.-I7S2 1.4,,-1-1 13900 13961 12023 1.2061
J.19.12 3.2751 2.05,,3 20623 1.6705 16756 I-IU5 1.4200 1.39-11 I-lOO()

J.2194 3.2794 2.2XX7 2.3 I~5 I.S432 I.X567 1.5790 1.5X75 1.-1196 1.426X

(h) Circumfcr<:nti,,1 wave numher = 2

I. = 4Mode 1 = 1

Present FEM
0.7956 0.S016

2 1.1725 I.1S-IJ
3 1.9,,32 19934
4 2.0200 2.0-l.1S

2.-13.16 2-11,20
6 2.(,213 26.146
7 2.X I 1.1 2."9-1S
X 2.9249 3.039-1
'! 3.6764 3.7761

10 3.7970 39X20

Present
O.,!"'!2
1.1690
1.2439
15%1
20190
20.1-1'!
~.22H6

23520
2.5675
261ls7

FE:\1
O.9'!63
I IS02
1.251.\
1. 6O'J 2
2.03 II
2.051,2
2.25:-<5
2.3,,-11
2.5s-I5
2.77-12

I. = (,
Present FEM
1.05.1.1 1.0611
I.OX 14 1.0SS5
1.1751 I.IX71
I .341,,) 1.356'!
1.6805 1.(,9-15
1.7033 1.7146
2.0.164 2.05X-I
2.0.197 2.05,,-1
2.ISOX 2.20X2
2.1.107 2.3557

L=8
Pn:sent FE:-'I
t.05S9 1.066.1
1.0729 1.0806
1.1743 1.1862
1.2177 1.22X.1
1.-1290 1.-W05
I.5"X7 1.59'!9
17560 1.76X'J
IXOII 1.8166
20397 2.056-1
2.0-166 2.0677

I. ~ 10
Present FEM
1060.1 1.06XO
1.07171.0792
I 1740 1.1 X59
I 1766 1 1876
1.2,,92 1.2999
1.-1605 14729
1.6176 1.6270
1.6439 1.65X7
I.X237 I.X359
IS4'!9 I.S6S2
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Table 5. Frequencies of solid isotropic cylinder as
calculated in cylindrical and Cartesian coordinates

2699

Mode
I
2
3
4
5
6
7
8
9

10
II
12
IJ
14
IS
16
17
18
19

Cylindrical
0.2500
0.3149
0.3149
0.3173
0.3173
0.3424
0.3424
0.3702
0.3721
0.3721
0.3959
0.3959
0.4459
0.4459
0.4571
0.4882
0.4904
0.4904
0.5000

Cartesian
0.2500
0.3149
03149
0.3175
03175
0.3424
0.3424
0.3702
0.3721
0.3721
0.3960
0.3960
0.4463
0.4463
0.4579
0.4810
0.4906
0.4906
0.5006

Group
EV
EV
EZ
EY
EX
OX
OY
OD
OD
OZ
OZ
OD
EY
EX
EZ
OD
OX
OY
OZ

frequencies arc given in Table 5. There is excellent agreement between the two formulations.
Each approach yields the six zero eigenvalues corresponding to the rigid body modes, which
arc not included in the table. Also shown in the results arc the corresponding group ofeach
mode identified by the nomenclature of Ohno (1976) and others. Such a grouping infers
that the vibration is of a specitIc type such as torsional, hn:athing and bending modes. The
exact first nonzero frequency is equal to 0.25 (Landau ('t al., 19X6) and the exact 19th
frequell\.;y is equal to 0.5, which provides SOlm: basis of corn parison fix the results.

The hollol\' isotropic .'1,//(',<'
It is a simple modification to evaluate the natural frequencies of hollow cylinders and

spheres using any of the formulations. By m~lpping the thickness of the solid into the region
of intcgration. a widc range of wall thicknesses can be represented. Table 6 shows the
dimensionlt.:ss frequencies for both torsional and spheroidal vibrations for a sphere with a
wall thickness to radius ratio of 0.6. The results arc compared with the analytic solution of
I-tossieni-Hashemi (1986) using terms up to seventh order in the approximation as for
mulated in spherical coordinates.

Table 6. Dimcnsionless frc4uencies for hollow isotropic
sphere

(a) Torsional vibrations

Mode
N Theory I 2 3 4
I Present 6.357 11.141 16.340 ZZ.030

Analytic 6.357 11.141 16.171 21.296

2 Present 2.475 7.237 11.639 16.515
Analytic 2.475 7.237 11.639 16.491)

3 Present 3.850 8.358 12.409 17.221
Analytic 3.K50 IU58 12.363 16.986

(h) Spheroidal vihr:lliolls (I' = 0.29)

Mode
N Theory I 2 3 4
0 Presenl 4.057 10.751 19.793 29.270

Analytic 4.070 IO.7SI 19.855 29.322

Present 3.756 7.!!57 9.611 12.677
An:llytic 3.756 7.!!57 9.611 1267!!

2 Presenl 2.165 4.lt!7 9.2!!1l 14.089
Analytic 2.165 4.832 9.298 14.115
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Table 7. NondimenslOnal frequencies of a hollow
isotropic cylinder

(a) Cin:umferential wave number = 0

Mode L = 2 L= \0
Present FE\t Present FE\1
14272 14278 0.5030 050.'0
1.7163 1.7168 09792 0.9792

3 2.2973 22980 1.36')2 13695
4 2.6904 2.6921 1.610.' 1.6067
5 2.H~25 28267 1.6-l..p I.M91
6 36533 .16721 1.6704 1.6663
7 36977 37061 1.9128 1.8225
8 4.177/1 41891 1.993/1 1.9713
9 42394 42516 2.0~1li) 2.1l200

(b) Circumferential W~IVe number = 1

Molle

2
3
4
5
(,

7
8

l = '
Pn:sent FEM
1.5333 1.5343
1.6011 1.(,011
2.1667 2.1/171
2112.1 2..1lJ.1
2.54.11l 25452
2.6808 2.68.16
.14695 .1.4715
.1.6 1'i,1 .16228

L = III
Prcst'nt FEM
0.2476 0.2476
1l.5249 05252
18209 0.8202
1.1l14h I.Ol2h
1.224(, 1.2l12
1.2247 121('~

\ A927 1.4698
15595 1.5165

._------ ._-----------

(c) Circumkrenllal w~"e numoer = 2

1\'!"dc I. 2 I. cc 10
Present I'EM Presen t !·TM
0.922') 119245 .1200 1.1288
I 1(,21) 1 1(,71 1278 I lI62

.1 2.1067 21(71) 1708 1.1842
4 2.!507 2.15.16 1.1 1)05 1.2027
5 2.5.191 2.5420 1.1028 1.1148
6 2.8456 2.8470 I AX.1'> 1.4891
7 lo.1X() 1044.1 1.715x 1.6955
X .1.1142 .1.J200 I.X29.1 I.X225
I) .1.X I(JO 1.X219 1.9873 !'14M

to 3 'Jon .I'll XX 2.0020 !lJ6X2

The hoI/Oil' isolropic cylinder
The frequencies for the circumferential vibrations of a hollow isotropic cylinder arc

given in Table 7 for the shape parameters L = I and L = 5. Again. II represents the ratio
of length to mean radius. where the mean radius is the average of the distance to the outer
and inner thicknesses. For this example. the thickness/mean radius ratio is fixed at 1.4. The
dimensionless frequency is taken as w· = wa/e. where c = J(Glp) is the shear wave velocity.
Very good agreement is obtained with the tinite element results.

Comparisons were also made with the work of Soldatos and Hadjigeorgios (1990),
who used an iterative solution of the three-dimensional equations of elasticity to predict
the exact frequencies of vibration for isotropic circular cylindrical shells. Table 8 shows the
results for a shell with a thickness/mean radius ratio of 0.3, a length/mean radius ratio of

Tahle X. Frequency parameter ",. I'M iSlltropi, clrclrlar cylinLlrical shells

II

Present
1...13731
1..123.15
1.52768
1.92.125

Sllidatos
1.137(,1
1.12371
1.52805
1.92695

Present
2..177/10
2 72152
316100
.167049

Molle,
SolLlatos
2.177X I
2.72196
3.1615'!
l67122

Pr,senl
39.1351
442453
511173
590205

S"ILlatlls
.1.9.134.1
4A2468
5.112.14
5.90.107
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1.0. a shear modulus of 1.0 and a Poisson ratio of 0.3. The values are given in terms of the
frequency parameter (:)* == 2L:w .... 2. The agreement is excellent.

The layered isotropic sphere
The layered sphere is composed ofdissimilar isotropic materials in the radial direction ..

such as those encountered when modeling the strata of the earth. These geometries can be
analysed by dividing the regions of integration between the different layers and substituting
in the appropriate material properties. A two-layer sphere was considered with the interface
located at L,:2. where L, is the outer radius of the sphere. For simplicity. the elastic constants
of the inner core are fixed. with the Young modulus given as 2.5 and the Poisson ratio of
0.25. The Young modulus of the outer layer is then varied within a factor range of 0.1
10.0. The range of values of the ttrst four frequencies are shown in Fig. 2. and are plotted
versus the parameter p. which represents the log of the ratio between the two moduli.

Thc inholl/ogcncous sphere
The clement coefficient matrices can be evaluated numerically. and it is therefore a

simple procedure to determine the natural frequencies for solids with properties with any
spatial variation. This can be used to represent the change in elastic constants or material
density due to environmental causes such as temperature or manufacturing processes. For
purposes of demonstration. a sphere with a simple linear variation in the Young modulus
is considered. described by the equation

( 19)

The approximate values are computed using the forlllulation. Figure .3 shows the first
four dimensionless nonzero frequem:ies as a function of the parameterx.

The thick. ortlllJtrtJ{lic shell
Most studies of the free vibrations of orthotropic. thick shells have been used on

approximate shell theories rather than solutions to the equations of elasticity. Such theories
frequently make a significant number of assumptions regarding the type of deformation
that can ocwr in the shell, and C,1I1 often require restrictions regarding the etl"ects of
transverse normal stress .. rotatory inertia. shear deformations and deformation of the
normals. The present approach ol1'ers a useful alternative in that all dl"ects are strictly
enforced from an elasticity sense. Comparisons provide a useful means of evaluating the
etl"ects of assumptions typically used in anisotropic shell theories.

12.0

10.0

8.0

0 6.0

4.0

2.0

1.00.0 .25 .50 .15
0.0 +---.----,.--.,.......-~-_.--..__-~-__.

-1.0 -.15 -.50 -.25

Fig. 2. Dimensionlcss frequencies for a layered sphere.
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6.0

5.0

4.0

o 3.0

2.0

1.0

...---
,/:.:::::-.:<.: .

---- ----

1.0.50 .750.0 .25
0.0 +---.---....---.---.----.----,----.--~
-1.0 -.75 -.50 -.25

a

Fig. 3. Dllllt:nslunkss frt:ljut:nu,s f"r an inrHlnHlgt:nt:"us spht:rt:.

The free vibrations of thick cylindrical shells arc considered in this section for three
ditkn:nt orthotropic materials: topaz. barytes and magnesium. The density and elastic
constants used for these materials arc those taken from Bergman (193~). Barrett (1952)
and Bolefand Dc Klcrk ()%2). Thesc values an: givcn in Tahle 9. Thc resulting frcljuencies
for the case of axisymmetric vihrations arc given in Table 10. The frequem:y paramelcrs
(1/1< arc defined as the natural frequency divided hy the shear wave velocity c. These values

arc taken as C == ./(c"/I') for the topal. and harytes. and C == \0 (C.I.I'/') for the magnesium.
The frequency parametcrs arc plotted as ,I function of mode number and the parameter ,i.
whidl is the ratio of shell thickness Ir to the wavclength I .. The thickness;mean radiUS ratio
was fixed at 1.0 for the geometries considered.

The frequency par<lmeters arc compared with the results of Mirsky (19(14. (965), who
used hoth an <lnisotn1pic el<lsticity solution <lnd <In ortllOtropic shell theory. The results for
the m<lgnesium were extracted from a graph. while thc rcsults for the tOp<l1. and harytcs
wcre takL:n directly from a tahle. In gencral. thc results arc excellent.

Tire SO/ic!II'(}Oc! cy/il/c!l'I'
Thc present method can also he applicd to considcr the vibrations of wood for purposes

of cvaluating elastic constants or their variation as a function of <lgc. usc, moisture content
or other paramcters. The density and elastic constants of Rcd Bcech at a moisture content
of I I oj" arc given in Tablc II (Bodig and Goodman. 1973). Thc natural frequencies of a
cylindrical sample with radius 1.0 and varying hcight arc shown in Table 12. where the
results arc given in Hertl.. The symhol (2) denotcs a repeated root.

Tire ortlrotl'Opic cross-ply slrell
A situation similar to the dissimilar isotropic sphere is thc cylindcr consisting of layers

composed of two dilfcrcnt materials. The level of complexity can bc increased by allowing
each layer to hc anisotropic. A two-Iaycr. cross-ply cylindrical shell composed of graphile-

T"hk 9. FbsllO: slilrn,",s C" ,-"pro:",d 111 units
"f 10' g UI1 :

T"p",
2571
35111
3005
1100
1357
l1Jo
12S4
5h4

27J

Ilaryt<:s
912
SOO

1076
121
2l )-,

25]
471
275
ljOO

\Iagn<:slulll
5'17
5117
623
169
Ihl )

17\
255
212
212
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Table 10. Frequency parameter w· for thick. orthotropic cylindrical shells

(a) The Topaz shell: axisymmetric \'ibrations

b Mode
:: 3 ~

Present Mirsky Present Mirsky Present Mirsky Present Mirsky
0 0.0000 0.00 1.6532 1.65 3.2712 .1.27 ~.95~7 4.97
0.01 0.0~79 0.088 1.6523 1.65 3.2731 327 ~.9540 4.97
0.1 0.8695 0.87 1.6337 1.63 3.4.449 3.~ 48940 490
02 1.5040 1.50 I.S940 1.39 3.8673 3.37 4.7776 4.73
0.3 1.7548 1.75 2.6933 2.70 4.3965 4.~O 4.7173 4.72
04 2.1250 2.12 3.4980 3.50 4.71~ 4.72 5.0438 505
0.5 2.6004 2.60 4.1112 4.12 5.0587 5.06 5.6297 563

(b) The Barytes shell: axisymmetric vibrations

(l Mode
2 3 ~

Present Mirsky Present Mirsky Present Mirsky Present Mirsky
0 0.0000 0.00 15728 157 .1.2712 .l27 5.8018 5.84
0.01 O.IU9 0.114 1.5725 1.58 3.2739 3.27 5.7998 5.84
(}.I 1.1119 1.10 1.5777 1.57 3.5209 3.52 5.6672 5.70
02 1.5540 1.53 2.3443 2.36 4.1211 4.13 5.5104 553
0.3 1.1'479 1.1'3 3.4434 3.47 4.1'901 4.91 5.4751 5.51
0.4 2.2\)09 2.27 4.4336 4.45 5.6602 5.69 5.7)'}7 5.76
0.5 2.lil55 2.77 5.0/191 5.0S 6.291'3 6.34 6.6155 6.64

(c) The M..gnesium shell: .. xisymrnetric vibr.. tions

(i Mode
2 3 4 5 6

Presenl [.1('1 rresenl (361 I'resenl [36) rresenl [.161 I'resenl [.16) Present [361
0 (}OflOIl (U)O Il.()()()() 0.00 1.1<%6 1.90 3.2901} 3.29 .1.7.l63 3.79 6.301}2 6.32
(U15 (UI·l:! (J..\2 05474 057 I.XI<NJ 1.1<7 .U51<.i 3.37 .1.7492 3.7IJ 6.1771 6.11<
(t lO O.62X.i O.6.l U1775 1.01< 1.I<S6.1 1.1<9 3.5429 3.54 3.71<1'4 3.1<4 6.0.161< 6.00
O.IS 0.9425 O.')S l.5103 1.47 1.9995 2.10 3.I<IOS HI J.XS30 3.1'9 5.lJ225 S.X9
0.20 1.25M 1.26 I.D)2 1.72 2..17'17 2.31' .1.9417 4.00 4. lJ.i.l 4.11 5.1<441 5.1<0
0.25 l.5708 1.57 I.I<S]O I.I<S 2.X1<3X 2.MS 4.052K 4.0S 4.4931 4.47 5.7992 5.77
tUO I.SI<49 I.SX 2.1)()93 2.00 3.4021 3.40 4.11<46 4.21 4.1<71'6 4.XS 5.7955 5.79
IUS 2.1991 221 2.2UOO 2.21 3.9044 3.90 4.J3S2 4.31< 5.21< IX 5.26 5.l(42 I 5.84
0.40 2.4198 2.42 2.5133 2.S2 4.3677 4.37 4.S027 4.SI< 5.6970 5.69 S.9557 6.00
0.45 2.6619 2.66 2.S274 2.1<4 4.6!l53 4.69 4.7643 4.76 6.1191 6.11 6.1604 6.21
0.50 2.'J203 2.'J2 3.1416 3.16 ~.81< lJ 4.8X 5.0751 5.07 6.4651 6.47 6.5510 6.55

Table II. Elastic properties or Red Deech

I' in g em Modulus uf elasticity and rigidity in 10" psi
I' (Ed (EK ) (ErJ (GLK ) (GLr ) (GRT )

0.75 1.987 0.325 0.165 0.234 0.154 0.067

Poisson ratios
(\'L~ ) (I'll ) (I'~r ) (l'rR) (vRcl (I'll)
0.45 0.51 075 0.36 0.075 0.()44

Table 12. Na!ural frequencit.:s (in Hem:) of Red Beech cylinder as a func!ion of
height

Mode L=~ I. = 4 /.",,6 /.=s L = 10
I 1<2.1<1< (1) 104.41< (2) 75.52 56.64 45,31
2 117.22 (2) 11.\.21< 11103 (2) 93.64 (2) 69.31 (:!)
3 127.<)~ (2) 117.23 (2) 11723 (2) 113.29 90.63
4 151.70 (2) 127.X2 (2) 126.43 (2) 113.62 (2) 110.74 (2)
5 157.47 166.37 (2) lJ6.69 (2) 117.23 (2) 114.S7 (2)
6 lxO.95 (2) 173.55 (2) 143.17 (2) 121<.21 (2) 117.23 (2)
7 2()(1.40 (2) 173.1<9 (2) 150.73 (2) 12S.30 (2) 126.41 (2)
& 212.64 ISO.94 (2) 15105 137.4& (2) 12&.02 (2)
<) 211<.03 191.61< 162.99 (2) 141.31 (2) 136.60 (2)

10 21S.86 199.33 (2) I7S.30 (2) 172.21 137.77
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Table 13. Frequency parameter for a layered composite shell

m n

o
I

L u = ~

Present Kumar
I 7~ 1 1.6( I
1.177 I 13;
()~4~ 1 r-

Ll/=4
Present Kumar
34.. 1 )~; ..
~.:::S5 2.1-~

1 ..0;

epoxy was considered with the properties £1 == 30.0 X 10
K

psi. £: = 0.75 x 10" psi.
rIC = 0.25. G 1c = 0.375 x 10" psi and G c' E: = 0.416. The thickness mean radius ratio was
taken as 0.2. The shell in this example has a [090] stacking sequence. which implies that
the fibers in the outer layer run in the circumferential direction. while the tlbers in the inner
layer run in the axial direction. The results arc compared with the finite element results of
Kumar and Rao (1988). which were computed using a degenerated eight-noded iso
parametric shell element with a shear codlicient of 56. The frequencies arc tabulated in
terms of the frequency parameter dO. detined as

(JI'
(0* = (I)" . •

/T;" f) I I

when: I' is the material density. w is the natural frequency. I is the cylinder length. and

(20)

f) 1 I

(/ LI)
1+

/;', ('

. QII
2 12

(21 )

Here. ( is the shell thickness and Q II is the reduced stilrness in the direction of the fibers
(Jones. 1975).

Results arc shown in Table 13 as a function of til. the number of waves in the axial
direction, n, the numba of waves in the circumfen.:ntial direction. and the ratio of the mean
radius l/ to the shell kngth /. The results were based on a two-dimensional stress state and
did not account for out-of-plane stilfness terms (i.e. C" = Col = C" = 0). Fairly good
agreement is found between the two approaches.

5. SUMMARY

In this paper. approximate solutions of the thn:e-dimensional equations of motion are
devdoped for the frequencies of free vibrations of solid and hollow anisotropic cylinders
and spheres. Several formulations of the Ritz method were applied to take advantage of
the form of the constitutive relations and the geometry of the solid shape. Approximating
functions involving combinations of power series, Fourier series and spherical harmonics
were applied to a number of sample geometries of both isotropic and anisotropic consti
tution. Although many terms can be and were evaluated in closed form. it was sometimes
advantageous to evaluate the coefficient matrices numerically to account for spatial vari
ations in the elastic constants.

The present approach extends and generalizes earlier applications of this type of
solution and is particularly useful for solids in which the principal material directions do
not align with rectangular Cartesian coordinates. Numerous representative examples were
considered. with very good accuracy heing ohtained in those cases for which comparisons

were available.

,.lcknm'·/cdqcmcnl-This work was supportcu by the :-';"tlt>nal Sciem:e Foundation unuer Grant Number MSS
9010099
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APPENDIX A: EQUATIOr-;S OF MOTION A:"D COEFFICIE:"T MATRICES

C.'/imlrical ('(Iordinall's
The equations of motion fur the orthotropic cylinder arc giwn to;

(I, I )"'U (I I, )",11' I, ,",' (I" 1 )''['C,,+ (',. "','f'/+ C,,+- (',. '(/', +- ,C" 'I' +- .C;; .... ,C,.,. '}r r cr ( r r ,. ('; r" ct· ,. r~ d

{All

,"(
+(',., , .

I': .

I., .,
r'C",( ~I'l. (A2)

Thc subrnatrices fur the Ritz cuctlicients corrcsp"ndin~ to thts f"fl1~ul;ltion arc written as

~ f[("', ";,":'. "1,~' + I (~, ,k',' ,'0' C" '\I>~ [\I>;'J 'K,'/ = K,: I _ .. . 1'.,.., ,.. d I,
" L,L, ,r L. r L,L, . ': 1..,1.., c; cr

(:\6)

(A7)

(N)
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Jf:,' = Jf,~! = Jr,;' = f"',"',rdrdOd::.
.'

Spherical coordinates
The equations of motion for the orthotropic sphere are given b~

( I c.'!W 1 £'IV U cot if> 1'.1' el'I'V.) (I i'V C)C\1 -,-~ + -,-,- + -. + -- -:;- + I -C,: .. + ..
r Sin if> ('r cO r Sin rf> r r cr " r" cif> ,.

( I ('W col if> , I i'V 2U) (1 i'1I". C cot<{1 ')C" -.-- -:;- + -.- Ie + .. + __ - Cn-.-.- -:;- .,.. -; +-,- Ie
• r" sin if> <'II r' r cif>" .. r" Sin (P I'll ,. r' .

I ,'I' col tJ» ..
- I' = pC.,,.

(
I ("U 2 ,'u ,"V 2 "V) ( I ,':V I ,"11" cnt 'P "IV) .C ....." + ...., +. + .... +C ..... .. +. .. " ... - .. .... '" 110~

.,. r ,\1> ,'r r' t,f; ,'r' r ,'r "r' sin' ,f; ,'0' r' sin 'I> ,'(} ,',f; r' sin 'I> 1'0 ' ,

( I "'U) (1)( ",1" "U) ( I ,"IV I r'U cos'I> "V)
('" 'I' 'I ,.('., . 'I. '1."1+ '/1 +('" ., .• ,'II' +r's'I'11" ,"11 +r's'l·n',·· ,'IIrSIIl'I"rd . rSlll'v "1"'/' rSlll',v 'V v

(
I ,:'U 2 ,'c ,,'IV 2,'IV 2 )

+C.. '''c--' -, .~. + ';-c' • + + .., ... - ., IV = 1)0".
r Sill 'I> ,', ('/1 ,. Sill 'I> I'll , ,'r r'

The clements uf the coetlicient m;tlrices are expressed as
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(AIO)

(1\ II)

(AI2)

(AD)

(AI-I)

f. (
1.1." '.1," C 1.1." C 1.1... C 1.1." ('

K" "" C ~:!.:.~!. + .....'2 ':.:!.:.. .1.- + ....'2 ~..:. .J. + ......'.~ ':!.'..J.- +
If ~. II i"lr tr r Dr"l r ar o/J r {....r If'J

(AI5)

.,' ", f [C,' ""'7 co/J; ('" "'/17, e" ,'+; "e'l _, C,I Do/J; ..A. ' =A" = .. ..... + .....,cot'" "" t/J + ... .J. +.. I;ot ,I. .1. ,I..... ' ''......1,
'I /' r r ' r (:tP r (Jr j ,: t"t!> '1'1 r~ yo/,'Yl' r':. t"t/J 0/.

f[ c ',I,W C ',I,W C '.I," C" I.' (,.I.W .I")J1\"",1\"= "'''''+ ...n .. 1''''',1..... \I "11",1... .. C1p, '~."'~_!.I ,,' ',1 ,I/I.I/,
'1 " . ,... '/tI, + '. ... 0/1 +, .. ,,'''' , r sin 9' ur U Ull/.

I , Sin II> ,'(/ ,. Sin II> c(/ ,. Sin ,p cll , Sin II> I'll I'r ,

(/\ 17)
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(
/ I ,'tV" cot </> ')J"x,·- - tV,. ,In <1> dr dO dl/J.
r cf/> r I

(A 1'1)

RCCfaf/qa{ar Carff!l'ia!l C(lort/if/afn

Th.: .:km.:nt, of th.: codtici.:nt mat ric.:, arc given b!

,,:: \ J(c 1'.;\' 1\li: l'r/J~ I'll,;' I\/J~ I\/J")
~CII + C'" ' (\1'

"
II

t":; ("'; ~' ..'r ("1 \', c; ex

API'I'NDIX ll: APPROXIMATION FUNCTIONS I:OR SPllERE

Table III. Example or appro.\imation flllH:tiuns ror a 'phere

(a) Torsional nlOtles

1/ '" II. II,) till

0 (J 0 sin <I>
I 0 co, II co, I/J '1/1 (/

sin II co, 'I> CllS (/
2 0 Il 0 ,in 20
2 I 0 co, <t> co, 1/ co, 2<1> ,in 11

i...'OS It> si n 0 co, 24) cos IJ
2 0 ,in II> cos 2IJ sin 24) sin 211

,in Ip sin 2/1 Sin 2<1> cos 2/1

3 0 0 0 3 sin <k'- 15 cos' <~ sin <I>
3 I 0 (5 co,' It> - I) co, II co, 1/J(5 cos' Ip -10 ,In' I/J - I) sIn (/

(5 cos' IP- I) sin II cos I/J (5 co,, I/J - 10 si n' </J - I ) cos (/
2 0 sin 21p cos 21/ (2 cOS' I/J sin I/J sin \ 1M sin 2(/

sin 2</) sin 211 (2 cos' I/J sin II> sin \ 1M cos 2(/
3 0 sin' <p cos 311 sin' <p cos I/J sin JO

sin'lp sin 311 sin' 1/1 co, IP cos 311

(n) Sphcroidal modes

1..\21 )

(:\25)

f/

o

2

m u. u,~ !i'l

0 0 0

0 cos IP sin (/) 0
I sin <P sin (/ cos </' co, II Sl11 II

sin 1/1 c,,, II cos IP sin II cn, II

0 .11..:0": (b - l sin 24) 0
I 3 sin IP cOS IP sin iJ cos 21p ,in II cos IP sin II

3 sin </> cos IP C"S {} cns 21p c," II cos Ip cos 11
2 3 sin' I/J cos 211 SIn 2,p cos 211 sin ,p sin 20

3 sin' sin cos 211 sin 21p sin sll sin ,p ens 2/1


